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Abstract

Several time integration methods for nonlinear systems are compared. All of the time discretizations are based on the
0-method, but differ in their treatment of the implicit nonlinear terms. One method converges the implicit nonlinear
terms to a small tolerance and is often referred to as nonlinearly consistent (NC). Newton’s method, or its approxi-
mation Newton-Krylov, is used to converge the nonlinearities. The other methods considered are linearized and
comparisons are made for a relaxation problem and a radiation diffusion problem. The linearized one-step method that
uses the full Jacobian is shown to have similar accuracy as NC methods. The lagged linearization method and an
extension that is second-order accurate are also studied. A truncation error analysis complements the numerical results.
For the relaxation problem, it is shown that each of the second-order accurate linearized methods may be more accurate
than an NC method, depending on the degree of nonlinearity in the problem. For the radiation diffusion problem, in
general the NC method is most accurate and allows a larger time step. However, the linearized methods perform
surprisingly well.
© 2003 Elsevier Inc. All rights reserved.
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1. Introduction

The implicit time integration of nonlinear systems has two important aspects
1. The time discretization. Some examples are implicit Runge—Kutta, backward Euler, and Crank—Nicolson.
2. The treatment of the implicit nonlinear terms. One example is to converge the nonlinearities to a small
tolerance. Another possibility is to linearize the implicit terms, such as evaluating the solution-dependent
coefficients at the old time level.
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This study will compare various treatments of the implicit nonlinear terms for two problems that are
related to radiation diffusion, both of which have strong nonlinear transients. The comparisons will be
made for a single second-order time discretization (Crank—Nicolson), which is commonly used when the
nonlinear terms are converged (see, for example [2,5,17]).

Previous research that is closely related to the present work is that of Knoll et al. [9], who study the same
relaxation problem and radiation diffusion problem, along with several other nonlinear problems. How-
ever, the linearized ' methods they consider are only first-order accurate. Concurrent with the present work
[13,18] also present results for the radiation diffusion problem, using a different spatial discretization, and
compare several methods, including converging the nonlinear terms and “one step” [3, Section 3.2]
methods. Refs. [9,13,18] also consider operator-splitting effects, while this study will concentrate only on the
effects of linearization.

Ref. [9] includes a modified equation analysis and concluded that one reason the Newton—Krylov (NK)
method is accurate is because it is “nonlinearly consistent”” (NC), in that the entire residual is evaluated at
the same time level and implicit nonlinear terms are converged to a small tolerance. The NC property has
been put forward as desirable [2,4,5,9,12,15,17], but the question remains under what conditions is the NC
property necessary in order to obtain accurate results for nonlinear, multiple time scale problems. To begin
to answer this question, this study will compare an NC method with several other linearized treatments.

In terms of accuracy for a given time step, this study will reinforce the idea that generally, an NC method
is hard to beat. But further study of linearized methods is still needed for the following reasons:

e Much of the previous work on second-order NC methods has used a first-order linearization (cf. Section
3.3) as a basis of comparison (for example, see [2,9,12,17]).This study will suggest several viable second-
order schemes as a basis for future comparisons.

e Many existing codes are based on linearized methods. What benefits will these codes realize by converg-
ing the nonlinearities? Can some of these benefits be realized by using a better linearized method, which
depending on the implementation, may be an easier code modification?

e For a given accuracy, compare the efficiency of second-order linearized and NC methods.

This study will by no means fully address all of these issues, but is simply a first step and will hopefully
motivate future work.

The next section defines the implicit nonlinear treatments. In a general setting, a truncation error
analysis is then performed for each treatment. The analysis is applied to a simple relaxation problem and it
is shown that each second-order accurate linearized method may be more accurate than NC methods,
depending on the degree of nonlinearity in the problem. Numerical results back up the analysis. A non-
linear radiation diffusion problem is then considered, both for smooth conditions, and the Marshak con-
ditions (see, for example [11]) presented in [7-9].

2. The time discretization

This section will describe the time discretization and notation used in this study. Consider a system of
ordinary differential equations

u'(z) = r(w), (1)

where u(¢) is the vector of unknowns. Throughout this study, the notation (-)’ indicates differentiation with
respect to the time variable, .

! In the present context, “linearized”” means that the time integration method is formulated so that it performs a fixed, small number
(one or two) of linear solves per time step.
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The focus in this study is on cases where the function r(u) is nonlinear; for example, r(u) might result
from the spatial discretization of a nonlinear system of partial differential equations. This study will
concentrate on the -method time discretization, given by

un+1 _—

A Or(u™™) + (1 - O)r(u"), (2)

where 0<0<1 is a specified parameter. For 0 = 1/2, one obtains the well-known Crank-Nicolson
(trapezoidal) method, which assuming sufficient regularity in ¢, is second-order accurate in time for small
At.

Although time discretizations other than (2) (e.g., implicit Runge-Kutta or multistage methods; see [1])
may be more appropriate for a particular problem, the main focus of this study will be the treatment of the
implicit nonlinear term r(u"*!). Each treatment is the subject of the next section.

3. Treatments of the implicit nonlinear term

This section describes the various treatments of the nonlinear term r(u"*!) in Eq. (2). It must be em-
phasized that all of the methods in this study are equivalent whenever r(u) is linear.

3.1. Nonlinearly consistent

One possibility is at each time step, converge r(u"*!) to a small tolerance. This approach results in what is
often referred to as a nonlinearly consistent (NC) treatment. There are several approaches to converging the
nonlinearities, including the Newton—Krylov (NK) method. Using NK to solve (2) has been demonstrated
to be accurate and efficient for a wide range of problems [4,5,7,14,15,17].

Although the terminology here may be confusing, it must be stressed that NK is a specific example of an
NC method. With sufficiently small convergence criteria, all NC methods for Eq. (2) have identical ac-
curacy and differ only in their robustness and efficiency in converging the nonlinear terms.

3.2. Beam and Warming

A second-order approximation of r"*! = r(u"*!) is
" =r" 4 (d,r)"Su + O(ou?), (3)

where O,r is the Jacobian of r(u) and du = u"*! — u". If the O(du?)-terms are ignored, then Eq. (2) trans-
forms to the following linear system:

[1 — 0A1(d,r)"]0u = Anr". (4)

This method is the two-level version of the Beam and Warming scheme (BW) [3] (see [6, Section 11.3]).
Beam and Warming cite [10], where (4) can also be interpreted as a one-stage Rosenbrock (“‘semi-implicit”
Runge-Kutta) method.

The BW method is also equivalent to a single Newton iteration of NK, using a small tolerance on NK’s
inner linear solve. It therefore should be emphasized that the BW method requires forming the matrix d,r,
or at least accurately estimating its action (cf. Section 6.2). Any approximations to 0,r may significantly
decrease accuracy.
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3.3. Lagged nonlinearities

For many physical systems, the nonlinear operator r(u) may be factored as
r(u) = N(u)u+b, (5

where N(u) is a matrix and b a constant vector. For a linear system, N = d,r. However, for a nonlinear
system, N is often much easier to form than O,r.
A common time integration method is then to lag the nonlinearities in r"*! as

" = N"u"! + b+ O(6u). (6)

This study will refer to the approximation above as the Lagged treatment. Note that unlike the linearization
(3), the Lagged treatment is only first-order accurate with respect to ou. As a single-stage method, Eq. (2)
with the Lagged treatment is

[1 — OAtN"|ou = Amr", (7)

which should be compared with Eq. (4). This method has often been used as the basis of comparison for
NC methods [2,9,12,17] and is the only first-order method (for any 6) in this study. Refs. [7,8] refer to this
method as the ‘semi-implicit’ method.

3.4. Predictor—corrector

Second-order accuracy may also be obtained by using Eq. (7) as a predictor, and then performing an-
other linear solve in a corrector step. Specifically,

*

—u”

At

u

=N"u"+b, (8a)

un+1 —u"

A = OV e+ (1 -0 (8b)

For 0 = 1, this method is simply two Picard iterations for backward-Euler time differencing.

Note that this predictor—corrector method differs from those covered in [1,10], in that it uses the Lagged
method for the predictor, as opposed to an explicit method. As a result, the method (8a) and (8b) is A-
stable, but requires two linear solves per time step. However, if an existing code is already using the Lagged
method, then adding the corrector step may be straightforward.

4. Truncation error analysis
In this section the truncation errors are compared for each of the methods of the previous section. The

error analysis will help explain some the numerical results obtained in this study. Many of the results and
techniques used in this section are well known and therefore the presentation is brief.

4.1. Nonlinearly consistent methods

For NC methods, expand u"*! and r"*! in terms of their time-level-n quantities to obtain
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u! —u / 1 1" 1 2 m 3

A U +§Atu +6At u” + O(Ar), 9)
n+1 / 1 " 1 22 72 3
" =1+ At(0yr)( u —I-EAtu +5At (o;r)(u')” + O(Ar), (10)

where without a superscript, the term is assumed to be evaluated at time level n. Through O(A#?), the above
expressions assume that u” and the tensor 92r exist.
Insert the above expressions into (2) to yield

u=r-— %Am” - éAtzu’" + 0AH(Bur) + %emz [(aur)u" + (agr)(uﬂ +O(AP). (11)

To simplify this expression, differentiate it twice to obtain
v = Q) — %Am’” n eAz[(agr) (W) + (aur)u"} +O(AP), (12)
and

u” = (Qur)u” + (32r)(w')* + O(A). (13)

These last two expressions may be used to eliminate (92r)(w')* and (d,r)u’ in Eq. (11), so that

u-—r= At(@ - %)u” - %At2(602 — 60+ 1)u” + O(AP). (14)
This shows the well-known result that (2) is second-order accurate when 0 = 1/2 and first-order otherwise.

4.2. Beam and Warming method

Using the same assumptions of solution regularity as for NC methods, the modified equation for the BW
method is

1

u—r=As (9 - §>u” - %Atz{(602 — 60+ 1u"” + 30[u” — (3,r)u"] } + O(Ar). (15)

This method is also second-order when 0 = 1/2. Whether the O(A#?) error term is better behaved in (14) or
in (15) is problem dependent; it must be stressed that both derivations used the same assumptions of
smoothness. In this study, it will be shown that for some cases, the BW method has lower error, while for
others, NC methods have lower error.

4.3. Lagged method

For the Lagged method, the modified equation is
1
u’—r:At(HNu/—Eu”> +O(AP). (16)

If one assumes that the tensor 0,V exists, then an alternative form for (16) is
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1
W—r= At(Q - §>u” — AtO(3,N)u'u + O(AR), (17)

which may then be directly compared with (14) or (15). Eq. (17) was also derived for a relaxation problem
in [9].

On the other hand, the presence of the 0,N term does not mean that the Lagged method is less accurate
than NC(6 = 1) for all problems. It could be that the 0,V term in (17) compensates for the other error term.
As a simple example, consider a scalar relaxation problem with r(u) = —cu?, where ¢ is a constant. A
Lagged linearization is N(u) = —cu and b = 0. For 6 = 1, it is easy to show that the first-order error drops
in (16), so that the method is second-order accurate. For this special case, the Lagged linearization results in
a harmonic average over the time step.

4.4. Predictor—corrector method

To derive the truncation error for the PC method requires an explicit expression for u*. Eq. (8a) may be
rearranged to read

u =u"+ Aty(N"u” +b). (18)
Apply this expression recursively to obtain

Ut =u" + A"+ APN"Y + O(AF). (19)
Eq. (8b) then yields

u-—r= At(@ - %)u” - éAtz [(60° — 60 + 1)u” + 60(N — dur)(N — 03,r)r] + O(AF). (20)

Like the BW and NC methods, the PC method is second-order accurate when 6 = 1/2. Through O(A#*), the
derivation of (20) requires that w” and the tensor 32N exist, which are similar regularity assumptions as for
the BW and NC methods. Comparing (20) and (14), the last term involving N is the only difference with the
error for NC methods. In the next section it will be shown that this additional term may increase or
decrease the error, depending on the problem.

5. Relaxation problem

The results so far can now be applied to a simple problem. Consider the following scalar ordinary
differential equation:

dr
— — (DT 21
L C1)
where
=17 for p >0,
«T) = { —1/(T"?+a) forp<0, (22)

along with the initial condition 7(¢ = 0) = 1. The parameter p is the degree of nonlinearity and the pa-
rameter a keeps the solution well behaved as 7 — 0. This problem was studied in [9], with p = —3 and
a = 0.02, as a test for nonlinear time integrators.
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Note that the exact solution satisfies 0 < 7(¢) < 1. The solution evolves on a time scale given by —1/a.
This time scale is often referred to as the dynamical time scale, t4y,. The minimum value of 74y, depends on

p as

min __ 1 for p = 07
dyn ™ {a for p < 0. (23)

5.1. Error analysis

This section will emphasize that depending on the value of p in Eq. (22), both the BW and PC methods
may be more accurate than NC methods. In other words, in terms of the truncation error analysis, none of
these methods is the most accurate for all problems. For brevity, the analysis is restricted 6 = 1/2, so that
each method is second-order accurate. The Lagged method, which in general is only first order, is not
analyzed in this section.

To simplify the analysis, assume that a is very small, so that (22) may be approximated as

oT) = —17. (24)

From Eqgs. (14) and (15), with 8 = 1/2, the ratio of the leading-order truncation error of BW to that of an
NC method is given by

(TE)gy  3(@ur)u’ — 2u”

= . 25)
(TE)xc (
With Egs. (21) and (24), the expression above reduces to

(TE)nc 1+ 2p

If conditions are such that the expressions for truncation error hold and the leading-order terms dominate,
then BW is more accurate than an NC method if

(TE)pw
27)
o (
This expression is satisfied if
p<-2, or
{ p>0. (28)

Therefore, the additional iterations that a Newton method performs actually decreases the accuracy
whenever (28) is satisfied. Note also that BW is third-order accurate for the special case of p = 1 and an NC
method is third-order when p = —1/2. Also, for the trivial case of p = —1, the BW and NC methods are
exact. The PC method is not exact for p = —1, because it relies on the factorization (6), which is not needed
in this trivial case.
Similarly, the PC method gives
(TE)pc __1+6p—p
= . (29)
(TE)ye  (1+p)(1+2p)
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Therefore,
p <pL, or
TE .
’ﬂ <1l if pr<p<0, or (30)
(TE)nc
p>1,

where p; = —(94+V/73)/2 ~ —8.772 and pr = (-9 +/73)/2 ~ —0.228. The PC method is third-order
accurate whenever p = 3 + v/10.

The main point of this section is that none of the methods in this study are optimal for a/l nonlinear
problems. For the very idealized problem studied here, both the BW and PC methods have a wide range of
p that give more accurate results than NC methods.

Note that for other equations, and in particular systems, the truncation error ratio will be a function of
the solution state; see Eq. (25). The analysis may then be much more involved. The manner in which the
results of this section extend to more complicated problems is left for future work.

5.2. Maximum time step

This section shows that the maximum allowable time steps for each method are comparable in mag-
nitude and that they exceed the dynamical timescale of the problem. The maximum time step, Af™*, is
chosen so that for all Az < Afmax

" =T >0, (31)

a condition satisfied by the exact solution. The first inequality implies absolute stability, while the second
ensures positivity. For all of the methods in this study, the maximum time step is determined by the
positivity condition. To simplify the presentation, assume that Af is constant over the simulation.

For an NC method, the maximum allowable time step is determined by the maximum value of |«(T)|.
Using the fact that 0 < 7" < 1, it is then straightforward to show that there is a 7! for an NC method that
satisfies (31) for Ar < A, where

mox _ [ 15 i p=0,
Ale = {;—Z if p <0, (32)
The requirement a > 0 is apparent. It should be stressed that even with Az < AQY, there may be other real-
valued solutions to the NC difference equation. The assumption here is that the initial guess for the iterative
method is close enough to the desired solution that spurious roots are avoided.
It can be shown that for this problem, AfJE* = AR, = AR¥. However, the BW method has a different
maximum time step. To simplify the analysis, the assumption that 0 < a <1 is made. Then,

00 ifp=0"'-1,
s 0 —1>p>0,
A max — .
bW 4 if 1-07"'<p<0, (33)
—4apl) . -1
Therefore, the maximum time step for BW is less restrictive than the other methods for 6! — 1 > p > 0, but

more restrictive for p < 1 — 07",
As an example, let § = 1/2. Then for p = 3, BW unconditionally satisfies (31), while Afg&* = 2. In this

case rgyi[’} =1 (see Eq. (23)), so for accuracy reasons, one probably should not exceed Az =1 by much
anyway. For p = —3, one finds A7 = 3a/2, while Afge* = 2a. In this case, thn = a.
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In summary, all of the methods permit Az > rg‘yi;‘. An L-stable integration method (as opposed to Crank—
Nicolson) might allow an even larger maximum time step, but one might expect time accuracy to suffer
whenever Az > Tl

5.3. Numerical results

First consider p = —3 and a = 0.02, which was studied in [9]. A smaller value of @ will also be considered
in this section, so that the analysis in Section 5.1 applies. As in [9], the error is computed as

T, numerical — Texac
Error = Mhumerca = Texact| (34)

Texact t=t*

where * = 0.36.

Fig. 1 compares the results for all of the methods with 6 = 1/2. In this case, the BW method is the most
accurate over the time step range. Note that for a = 0 in (22), the analysis of Section 5.1 gives that
BW(0 = 1/2) is more accurate than NC(6 = 1/2). The PC(0 = 1/2) method attains second-order accuracy,
although typically it must take a time step of one-fourth that of NC or BW to attain the same level of
accuracy. Again, this result is roughly consistent with the analysis. Note that in this case Afgy = 0.03, while
for the other methods, A™* = 0.04. Therefore, for Az = 0.04 the BW method exhibits slight negativities in
the region where T approaches zero.

There is very little difference between Lagged(6 = 1) and Lagged(60 = 1/2). That Lagged(0 = 1/2) per-
forms so poorly is a good indicator of the nonlinearity of this problem, because all of the methods here are
identical for a linear problem.

Fig. 2 plots the observed error ratios for ¢ = 0.02 and a = 0.001, along with the truncation error esti-
mates from Egs. (26) and (29) with p = —3. For a = 0.001, the error was computed at t* = 0.32 (at t = 0.36,
the exact solution has relaxed to 7 = 0). The maximum time step also decreases to A7y = 0.0015 and
A™* = 0.002 for the other methods, so that negative solutions are observed for the larger time steps and
times past t* = 0.32. The a = 0.02 results for the PC method are not shown on the plot, as they range in

1 E_ T T T LI B B T T LI B I L JE
0.1 =
| GO BW 1
0.01 1 %% NC b
E|4+—+PC i
[ [ A—A Lagged h
5 | | 7% Lagged, =1 B
L‘E 0.001 E - Slope 2 3
0.0001 - E
le-05 = E
I 1 1 1 { 1 1 11 111 I 1 1 1111 \_

1e-06 ! 1 TR

*Bboor 0.001 001 gmn 0.1

dyn

At

Fig. 1. Errors for relaxation problem, with Eq. (22), @ = 0.02. Unless noted, all methods used 0 = 1/2.
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G—© BW,a=0.02

A—A BW, a=0.001

A—A PC,2=0.001
--- T.E. Estimates

Lo oo by v a Ly o g bd

(Error) / (NC Error)

0.5

0.001 0.01
At

Fig. 2. Ratio of BW and PC errors to NC error for relaxation problem, with Eq. (22), p = —3, 6 = 1/2. The truncation error (TE)
estimates were computed from Egs. (26) and (29), with the upper line for PC and the lower line for BW.

1 T T IIIIIII T T IIIIIII T T T 1T 17T
- GO BW 5
o9 rC
081 ---- T.E. Estimates ]
3
E 0.6 —
&}
Z a
™
B 04}
2 e R L .
02
0 L L
0.001 0.01 0.1 1

At

Fig. 3. Ratio of BW and PC errors to NC error for relaxation problem, with Eq. (24), p =3, 0 = 1/2. The truncation error (TE)
estimates were computed from Egs. (26) and (29), with the upper line for PC and the lower line for BW.

value from approximately 5 for the large time step, to 16 for the small time step. As expected, the agreement
with theory improves with decreasing a.

Finally, Fig. 3 plots the error ratios for the relaxation problem using Eq. (24) and p = 3. The error was
computed at * = 4. Again, there is good agreement with the theory.
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6. Radiation diffusion problem

A radiation diffusion model is given by the system

oT =a(E—TY), (35a)

O,E = 0,(DO,E) — o(E — T*), (35b)
where T'(x,¢) is the temperature and E(x,¢) the radiation energy. The spatial domain is 0 <x< 1 and

6=T"> D= 3¢+ |0.E|/E)". (36)
The boundary conditions may be written as

1

1

ZE(07 t) - 60 (axE)(Oat) = 17 (378.)
1 1

2 EL 0+ = QE)(L,1) = W, (37b)

where 7% is a constant. If E(x, ) = 0, then Eq. (35a) is a special case of the relaxation problem covered in
Section 5. For Marshak-wave conditions, the NC(0 = 1,1/2) and Lagged(0 = 1) methods were compared
in [7,8] and these results are covered in Section 6.6. Results will also be presented in this study for con-
ditions with smoother results, so that spatial truncation-error analysis applies.

6.1. Spatial discretization

The spatial discretization used is a cell-centered finite-volume method, which is described in [7]. Briefly,
in semi-discrete form, Eqs. (35a), (35b) are written as

0T, = o(T)(E; — T}), (38a)
DO.E)..,,» — (DOE),
o, = Do - DO e oy, ), (38b)
Ax J
where
-1
Dji1pp = |30(Tjp2) + |6xE|j+1/2/E,-+1/2} ) (39a)
Eji — E
OE) 1jp = 2, (39b)
T = (T +15)/2, (39¢)
Eip = (Epi + E)/2. (39d)

Here j is the cell index, with 1 < j < N. For smooth solutions, this discretization is second-order accurate in
space.
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The discretization of the boundary conditions will be given here for the x = 0 boundary; a similar ap-
proach is used at x = 1. In the first cell (j = 1), the value of (D0,E), P is needed. Eq. (37a) is discretized as

1 1 E] — E1/2
“Ep——e —— 1= 40
47" T 6a(T)  Ax)2 ’ (40)
where the subscript ““1/2” indicates the value at the boundary and the subscript “1”” indicates the value in
the first cell. This equation gives £}/, in terms of known quantities. Then set

E —Eip

A2 (412)

(axE)l/z =

Ty, =Th, (41b)

and use Eq. (39a) to compute D s.

The boundary procedure above is locally only first-order accurate. A second-order method was also
implemented, but for the problems in this study, the results did not improve and robustness was slightly
degraded.

6.2. Solver details

Each of the time integration methods, given by Egs. (2), (4) and (7), and each step of (8a) and (8b), may
be expressed as a vector function of the unknown w"*!

F,(u"™") =0, (42)

where the subscript 7’ denotes the particular method and the dependence on u” and At has been suppressed.
Note that Fyc is a nonlinear function, while for the other methods, F; is linear. In this study, each method
used an iterative method to converge their discrete equation to the same tolerance, as

E@ L
— 22 107 43
T, (], *3)

For example, the NC method converged its nonlinearities using Newton—-Krylov (NK), such that the
nonlinear residual satisfies (43).

All of the methods used right-preconditioned GMRES for their linear solver. The preconditioner used
was effectively the Lagged(8 = 1) method, similar to [7], but implemented as a tridiagonal solve. This
preconditioner adds a negligible cost to each GMRES iteration.

Each NK linear solve decreased its residual by a factor of y = 1077, where p > 1 (see [7] for more details
on y). For the problems in this study, numerical experiments for various integer-p found that p = 2 min-
imized the CPU time.

Each method evaluates the product of its Jacobian matrix with a vector. The NC and BW methods
evaluate (0,r)du, which is approximated using the matrix-free technique [7]:

(Gur)ou ~ FUF 20w —r(®) (44)

&

The Lagged and PC methods evaluate Nou, which for ease of coding, is computed in a similar way

Nu ~ F(u + eou) — r(u) . (45)

€
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where r = Nu + b. In Egs. (44) and (45),
&= &ol[ull,/|Sul],. (46)

The NC and BW methods set &, = 10~8 (approximately the square root of machine precision). Because r(u)
is linear, with exact arithmetic, the results of Eq. (45) are independent of &,. Using values in the range
1078 < gy < 1000, it was found that to within round-off, the PC and Lagged results do not change. The PC
and Lagged results presented in this study used & = 1.

Note that for efficiency, one should consider implementing the PC and Lagged methods by explicitly
forming the N matrix (as the preconditioner does). For many problems, N is much easier to form than the
full Jacobian matrix. During a GMRES solve, knowing N and performing the matrix—vector multiply
explicitly is often much more efficient than using Eq. (45). For more complicated problems, it also allows
the use of many more off-the-shelf preconditioners. However, to keep the code simple and to have com-
parable linear solver costs, Eq. (45) was used.

6.3. Time step selection

Two different time step choices are used in this study. One approach ramps up the time step to a specified
final value, as prescribed in [7]. Let Atg,a be the final time step. Then for time step number n, with n > 1, the
time step is computed as

A" = _f”Atfma], (473)
where the first eight values of /" are given by
{0.1,0.1,0.2,0.2,0.3,0.3,0.4,0.4}. (47b)

For n > 8, set A" = Atgpnal.

The second approach used in this study follows that in [8,16]. The idea is to estimate the dynamical
timescale, assuming that the solution is dominated by a wave-like behavior. The wave speed is estimated
as

AT |E B )
A" S [t - e
Then the next time step is computed as
A" = CFLAx/v", (49)

where CFL is specified and can be thought of as a Courant number. As in [8], the initial time step is set as
At' = 107°. When CFL = 1, the dominant radiation front will move at approximately one cell per time
step, while for CFL > 1, one would expect that the radiation front would be poorly resolved.

6.4. Accuracy measures

Two different solution norms are considered in this study. In order to measure the performance of a time
integration scheme, a common practice is to fix the spatial mesh and measure the rate of convergence to the
At = 0 solution [2,7-9,17]. Specifically, on an equally spaced mesh, the norm
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L?t:()(Tr) — i _ TAt 0 (50)

will be used, where N is the number of mesh cells and 7; is the radiation temperature, defined as
T, = EY*, (51)

The value 7;; is the numerical solution at cell-index j, while 77 A=0 is the value on the same spatial mesh but
with (ideally) Az = 0. An analytic expression for 7} A=0 §s typlcally unknown, so a calculation with a suffi-
ciently small At is used instead.

This study will also consider the error norm

1 N

La(T) = |5 DTy =TT, (52)

J=1

where ideally 7 base i the exact solution, projected onto the mesh. Again, typically the exact solution is
unknown, so a su1tab1y fine-mesh calculation is used. The number of fine mesh cells is chosen as
Npne = 2™N, where m is an integer with m > 1. In this way, each coarse-mesh cell is made up of a union of
fine-mesh cells. The fine-mesh values are projected to the coarse mesh by averaging

ase 1 S me
L =5, (Z T3 ) (53)

k=1

where Tf}‘e is the solution in cell-j on a mesh with N, cells. For a finite-volume method, this projection is
exact for the cell-averaged conserved quantities. Because 7; is not a conserved quantity, the projection is
only second-order accurate in space, which is within the accuracy of the spatial discretization used in this
study.

6.5. Results for smooth conditions

This section presents results for the initial condition

1 + tanh[50(x — 0.25)]

E(X,O):EL+(ER—EL) 3 s

(54)

T(x,0) = E(x,0)"*, (55)

with E; = 4 and Er = 0.004. In Eq. (37b), Vz = 0.001. The reason for studying this case is that the solution
is smoother than the standard Marshak case presented in Section 6.6 and therefore is more appropriate for
verifying an error convergence rate derived from a Taylor-series analysis.

Fig. 4 plots a sample solution for this case. Fig. 5 compares results of the various time integration
methods at the radiation front. The BW and NC results appear coincident with the base solution, while the
front position of the PC method lags slightly. The Lagged method gives only a slight improvement in going
from 6 = 1 to 8 = 1/2, which again, is a good indicator of the degree of nonlinearity in the problem. Note
for a linear problem, all of the 6 = 1/2 methods are equivalent and give the same results.
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Fig. 5. Sample results for problem of Fig. 4, ¢ = 1, 200 mesh cells, CFL = 0.4, and 6 = 1/2 (unless noted). The BW and NC results are
nearly coincident.

6.5.1. Convergence for a fixed mesh size

The L=°-norm convergence results are shown in Fig. 6. For this problem, CFL = 1 corresponds to an
average At of 0.012. For a given mesh and problem, it was found that each method has a CFL™, so that
for CFL > CFL™, the method fails in some manner. This problem gave a CFL{¢ = 6.1, beyond which
the GMRES failed to converge. However, no backtracking was implemented in the Newton-Krylov
implementation. Presumably, backtracking would permit a larger CFL™. On the other hand, the results
here show that the NC solution error is quite large for CFL = 6.1 (although still much smaller than the
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Fig. 6. Problem of Fig. 4, convergence of solution in L=, # = 1, 200 cells, and 6 = 1/2 (unless noted). Norms were computed relative
to NC(CFL = 5 x 107%); norms relative to NC(CFL = 10~*) appear identical on this scale.

other methods), so the ability to run at an even larger CFL is undesirable if time accuracy is to be
maintained.

For BW, CFLLy; = 1.4, beyond which at some time, nonphysical, negative solutions were found and the
simulation halted. Both the PC and Lagged methods have a CFL™ > CFL{= which was not explored.

Aside from the Lagged method, the methods have second-order convergence in L5=. Clearly, the NC
method maintains second-order convergence for larger CFL than the other methods, up to approximately
CFL = 1. The BW method begins to deviate from second-order convergence at CFL = 0.6, while the PC
method deviates at approximately CFL = 0.2. In general, the NC method has the smallest error values,
while the PC method has values that are nearly an order-of-magnitude higher than the values of the BW
and NC methods.

6.5.2. Convergence for a fixed CFL

To study the effects of the spatial mesh size, the mesh was refined at a fixed CFL = 0.4. The errors are
plotted in Fig. 7. The BW method is consistently the most accurate. However, given the results in Fig. 6, the
lower error of BW here is most likely a fortuitous cancellation of spatial and temporal error components.
Both the BW and NC methods attain second-order accuracy at about a mesh size of 300 cells mesh size,
while the PC method does not appear to be second-order until nearly 1000 cells. This behavior roughly
follows from Fig. 6, where the PC method is not yet second-order at CFL = 0.4.

Note that increasing the temporal order-of-accuracy greatly improved the L, error; the error is not
dominated by spatial errors. For example, Fig. 7 shows that L,(7;) for BW(6 = 1/2, 200 cells) is over an
order-of-magnitude lower than Lagged(6 = 1/2, 200 cells).

6.6. Results for Marshak conditions

This section presents results for the conditions used in [7-9]; specifically,

E(x,0)=1x107°, T(x,0) = E(x,0)"*, (56)
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Fig. 7. Problem of Fig. 4, space-time convergence of solution, =1, 6 = 1/2 (unless noted), CFL = 0.4. Error computed using the
NC(6400 cells) solution as the base solution. Using NC(3200 cells) as the base gave a slight difference for BW and NC, shown by their
adjacent dashed lines.

and V3 = 0. The base solution used for comparison is shown in Fig. 8. Note the sharp front, which for
coarse meshes, will slow the spatial convergence rate for all of the methods.

Sample solutions are shown in Fig. 9. Just as with all of the cases in this paper, the Lagged(0 = 1/2)
results are only a small improvement over Lagged(0 = 1), showing that treating the nonlinearities accu-
rately over the time step is necessary for this problem.

0.5

0.25

LI L B L L L L ) I L L L Y LB B B

Fig. 8. Marshak radiation diffusion base solution, ¢ = 3.
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Fig. 9. Sample results for problem of Fig. 8, t = 3, 200 mesh cells, CFL = 0.4, and 6 = 1/2 (unless noted).

6.6.1. Convergence for a fixed mesh size

To compare with the results of [8], results were generated using the time step ramping given by Eq. (47a),
(47b). Convergence in the L5~%-norm, at time ¢ = 1, for the various methods is shown in Fig. 10. Non-
physical, negative solution values were produced by the BW method when Atg,, > 0.0094 and by the PC
method when Afg,, > 0.16. As in [8], the other methods were run up to Afsn,y = 0.2. Larger Atg,. could
have been run for the NC and Lagged methods, but this was not the focus here.

g e — e s
0.1 3 3
0.01 -
g 0.001 =
- :
0.0001 = _
G-OBW
F #—k NC 3
i +—+ PC 1
le-05 L—ALag =
E w7 Lag,0=1 =
r - Sk 1,2 7l
1e-06 opets s =
3 —- Base NC(At=10"%) E
16_87_ s Ll Ll L a ]
0001 0.001 0.01 0.1

At

Fig. 10. Problem of Fig. 8, at # = 1, convergence of solution using ramping of Eq. (47a), (47b), 200 cells, and 0 = 1/2 (unless noted).
Norms were computed relative to NC(Af = 10~*); norms computed with a base of NC(Az = 1075) give a slight difference for the BW
and NC methods, shown by their adjacent dashed lines.
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Fig. 11. Problem of Fig. 8, convergence of solution using CFL time step control, # = 3, 200 cells and 0 = 1/2 (unless noted). Norms
were computed relative to NC(CFL = 5 x 107°); norms relative to NC(CFL = 10~*) appear identical on this scale.

Note that the “L, Error” in [8] is computed as v/NL{'=" (where N = 200); otherwise, the NC values here
and the “NK2” values plotted in [8] compare well. However, unlike [8], the results here clearly show first-
order accuracy for the Lagged (“‘Semi-Implicit’’) method, over the entire range of Az.

Ref. [8] plotted results only for Ats,, = 0.002. For smaller time steps, all of the second-order methods
show erratic behavior in L3'=°. By using the CFL time step control, the L{~° convergence is better behaved
for most of the methods, as shown in Fig. 11. For this problem, CFL = 1 corresponds to an average At of
0.021. Results for the NC, BW, and PC methods are plotted up to their respective values of CFL™, beyond
which each of these methods generated negative solution values. The maximum CFL values for this
problem are CFL{Y = 1.25, CFLyy = 0.45, and CFLE" = 0.84. The value of CFL™* for the Lagged
method was not computed and results are given only up to CFL = 1.25.

A major limitation to the CFL™* values, particularly for the NC method, is the use of the Crank—
Nicolson time discretization. An L-stable method would probably allow the NC method a much larger time
step. On the other hand, Fig. 11 shows that above CFL ~ 1, the convergence rate for NC is beginning to
deviate from second-order accuracy. From CFL = 1 to CFL = 1.2, the NC convergence rate was measured
to be 0.74. If we assume that the higher-order error terms of an L-stable method behave similar to those of
Crank—Nicolson, then in terms of accuracy, the benefits of a larger CFL™ may not be significant.

For CFL < 0.2, the Ly*~-norms for BW and NC are very similar, while the PC method has values that
are over an order-of-magnitude larger. Also, the NC method is able to maintain a second-order conver-
gence rate for larger CFL values. The erratic behavior of the BW method is a concern and should be a focus
of future study.

Fig. 12 demonstrates that the L)'~°-convergence behavior and each method’s CFL™" are only weakly
dependent on mesh size. At least for this problem, the CFL time control is a reasonable, mesh-size inde-
pendent method of selecting the time step. Also interesting is that the erratic behavior of BW(200 cells) is
reduced significantly for both the 100 and 400 cell cases.

6.6.2. Convergence for a fixed CFL
Fig. 13 shows the mesh convergence results for a fixed CFL = 0.4. The convergence rate attains second-
order accuracy only for the PC method, and somewhere between first and second order for the NC and BW
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Fig. 13. Problem of Fig. 8, space-time convergence of solution, ¢ = 3, 6 = 1/2 (unless noted), CFL = 0.4. Error computed using the
NC(25,600 cells) solution as the base solution. Using NC(12,800 cells) as the base gave differences for BW and NC, shown by their
adjacent dashed lines.

methods. Note that at these mesh sizes plotted, the foot of the radiation front remains unresolved, as shown
in Fig. 14. Presumably, because of the lower temporal errors of the NC and BW methods, they are more
sensitive to the spatial mesh than the other methods.

Even when there are unresolved spatial scales, the benefits of an accurate time integration method are
apparent. Over a wide range of mesh sizes, the BW and NC methods are nearly an order-of-magnitude
more accurate than the PC method, while the PC method is at least a factor of four more accurate than the
Lagged method.
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Fig. 14. Problem of Fig. 8, r = 3, results at foot of radiation front, NC(CFL = 0.4). Symbols indicate a cell-centered value.

6.6.3. Measure of nonlinear residual

The average and maximum values of the nonlinear residual are plotted in Fig. 15. The nonlinear residual
is defined by Eq. (43), using the NC difference equation for the operator F(u).

The nonlinear residual values are quite large for CFL > 0.1. In fact, for CFL > 0.1, the BW nonlinear
residual values are above the PC values, where the BW L5'=C values are much lower than the PC values. The
nonlinear residual is not necessarily a good measure of the L5*~-norm. For the second-order methods, the

nonlinear residual here also converges as A#?, but this is simply a statement that all second-order methods
are within O(A#?) of each other.

Nonlinear Residual

1e-06 el R i

0.001 0.01 0.1 1
CFL

Fig. 15. Same cases as in Fig. 11, but plotting the nonlinear residual for the linearized methods. For each method, the upper and lower
lines are, respectively, the maximum and average values over the simulation.
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At a particular CFL, the BW method is equivalent to this particular NC method (Newton—-Krylov), if
the NC method uses BW’s maximum nonlinear residual value from Fig. 15 and the same linear tolerance as
BW. Some examples of the difference between the NC and BW methods, as NC’s nonlinear tolerance in
increased, are shown in Fig. 16. Interestingly, the difference is not smoothly varying; instead, it approaches
zero very rapidly near the value of BW’s maximum nonlinear residual.

001 T Ty
L o ]
0.001E E
E G-©CFL=02 D 3
i %—% CFL = 0.05 —
0.0001 E CFL=0.0125 =
B g E
] L ]
£ 105 i E
k] F 3
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[ I 1 1 11 1| II| 1 1 11 1 IIII 1 1 111 III_

l | 1 1 L1 1 111
“§oon 0.001 0.01 0.1 1

NC Nonlinear Tolerance

Fig. 16. Problem of Fig. 8, difference between NC and BW methods, ¢ = 3, 200 cells, 6 = 1/2. For each CFL, the difference is zero at
the BW’s maximum nonlinear residual shown in Fig. 15.
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Fig. 17. Problem of Fig. 8, average CPU time per mesh cell per time step, no preconditioner, = 3, 6 = 1/2, 100 cells (dotted line), 200
cells (solid line), 400 cells (dashed line). Times normalized by value for preconditioned NC(CFL = 0.001, 200 cells).



588 R.B. Lowrie | Journal of Computational Physics 196 (2004) 566—590

6.6.4. Method efficiency

For the Marshak conditions, a brief efficiency study is given here. It must be emphasized that these
efficiency trends may not extend to other problems, and in particular, to multiple space dimensions. All
calculations were performed on a HP/Compaq ES45 (1 GHz, 8 MB Cache).

Figs. 17 and 18 show the effectiveness of the preconditioner, in terms of CPU time. With the precon-
ditioner, at a given CFL, the results are fairly independent of mesh size. Fig. 18 also shows that the cost per
time step of the NC method (implemented as Newton—Krylov) increases quickly for CFL > 0.02. This is

5 T~ & kT FEL] T T T T TT11T0] T LB |

CPU / ((#Mesh Cells) (#Time Steps))

CFL

Fig. 18. Same as Fig. 17, with preconditioner.
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Fig. 19. Problem of Fig. 8, CPU time versus L5=°(7;), for each method with preconditioner, ¢ = 3, 400 cells, 0 = 1/2.
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because of the increase in linear solves per time step as the time step increases. At CFL = 0.02, NK av-
eraged 3.66 linear solves per time step, while at CFL = 1.25, it averaged 8.00 solves. It follows that the
ability of the NC method to use larger time steps may not always translate into a decreased overall sim-
ulation time. At their respective CFL™* and 400 cells, NK(CFL™* = 1.18) took 16.55 s versus 12.22 s for
BW(CFL™ = 0.49).

Fig. 19 shows the CPU time for a specified L3'=°(7;). The BW method has a slight edge over the NC
method, while both methods are more efficient than the PC method, particularly for very small LY=°(T;).
The second-order methods are clear winners over the first-order (for nonlinear problems) Lagged method.

Again, it must be stressed that these run times are for a single problem, in 1-D, using an effective pre-
conditioner. The PC and Lagged methods can be implemented in a much more efficient manner; see Section
6.2 for more discussion. The CPU trends for the smooth problem in Section 6.5 are similar as presented
here, but more work is needed on other problems and systems in order to proclaim a clear winner.

7. Conclusions

The following observations may be made:

1. For the problems in this study, the linearized methods perform surprisingly well when compared with the
nonlinear consistent (NC) method. Both the analysis and numerical results emphasized this point.
Although each second-order method has advantages, there was no clear winner, and in particular, no
order-of-magnitude differences.

2. Of the second-order methods, the NC method allowed larger time steps and maintained second-order
convergence over a broader range of time steps. However, the cost analysis for the radiation diffusion
problem showed that NC’s cost per time step increases rapidly as the time step is increased past values
where the linearized methods operate.

3. All of the methods deviate from their truncation error estimates if the time step becomes too large. In the
absence of a good estimate for the dynamical timescale, this may present difficulties for more compli-
cated problems. A time integration scheme with error control should be considered for future work.

4. Except near its maximum time step, the BW method has similar error levels as NC methods. For the
relaxation problem, the PC method can be more accurate than either BW or NC methods, but for
the radiation diffusion problem, PC has significantly more relative error.

5. The accuracy of the linearized methods is not a result of decreasing the nonlinear residual to a small va-
lue in a single step. Consequently, there remains hope that there is a linearized method that does not
require forming an accurate Jacobian, but is more accurate than the PC method. Another possibility
is to run an NC method with a large nonlinear tolerance; however, for systems in conservation form,
care must be taken if conservation is to be maintained. To ensure the same level of conservation as
the linearized methods, NC methods must decrease their linear tolerance to compensate for an increase
in the nonlinear tolerance.

It must be stressed that many of these points need to be explored further, particularly on other systems
of equations and other problems. Fortunately, with an existing Newton implementation, one should easily
be able to check the benefits (or not) of converging the nonlinearities by trying the BW method. Again, the
BW method is the Newton method, restricted to a single Newton iteration.
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